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COMPUTER SIMULATION STUDIES OF ANISOTROPIC SYSTEMS, I .  

A LINEAR LATTICE 

J . Y .  DENHAM, R.L. HUMPHRIES and G.R .  LUCKHURST 
Department of Chemistry,  The U n i v e r s i t y ,  Southampton, 
SO9 5 N H ,  England. 

A b s t r a c t  We have s t u d i e d  t h e  s t a t i c  p r o p e r t i e s  of a 
l i n e a r  a r r a y  of r o d - l i k e  p a r t i c l e s  u s ing  Monte Car lo  
s i m u l a t i o n  t echn iques .  The c a l c u l a t e d  t empera tu re  
dependence of t h e  energy and s p e c i f i c  h e a t  a r e  found 
t o  be  i n  ve ry  good agreement w i t h  t h e  e x a c t  thermo- 
dynamic p r o p e r t i e s .  The model system i s  known t o  be  
r o t a t i o n a l l y  d i s o r d e r e d  a t  a l l  t empera tu res  b u t  t h i s  
behav iour  i s  only mimicked by t h e  computer s i m u l a t i o n s  
when t h e  number of p a r t i c l e s  exceeds one thousand. 

Molecular  f ' e l d  t h e o r i e s  of nematic , '  c h o l e s t e r i c 2  and 3 c e r t a i n  s m e c t i c  l i q u i d  c r y s t a l s  have proved t o  be  p a r t i c u -  
l a r l y  s u c c e s s f u l  i n  p r e d i c t i n g  bo th  t h e  e x i s t e n c e  of t h e  
v a r i o u s  phase t r a n s i t i o n s  and t h e  magnitude of t h e  o r d e r  
pa rame te r s .  However such t h e o r i e s  a r e ,  by t h e i r  ve ry  n a t u r e  
unab le  t o  p rov ide  any i n f o r m a t i o n  conce rn ing  t h e  d i s t r i b u -  
t i o n  f u n c t i o n s  i n v o l v i n g  two o r  more molecules .  As  a 
consequence t h e  p r e d i c t i o n s ,  by molecu la r  f i e l d  t h e o r i e s ,  
of t h o s e  p r o p e r t i e s  which depend on t h e  sho r t - r ange  o r d e r  
a r e  l i k e l y  t o  b e  i n  e r r o r .  S i m i l a r ,  a l t hough  more s e v e r e ,  
problems a r e  encoun te red  i n  t h e o r e t i c a l  s t u d i e s  of  t h e  
molecu la r  o r g a n i s a t i o n  i n  normal l i q u i d s .  Here c o n s i d e r a b l e  
p r o g r e s s  h a s  been made towards t h e i r  s o l u t i o n  by t h e  use  of 
computer s i m u l a t i o n  experiments  .4  
t echn iques  shou ld  be e q u a l l y  v a l u a b l e  i n  t h e o r e t i c a l  i n v e s t -  
i g a t i o n s  of l i q u i d  c r y s t a l s ,  where t h e  a n i s o t r o p i c  p a r t  of 
t h e  i n t e r m o l e c u l a r  p o t e n t i a l  i s  of v i t a l  importance.  Indeed 
s e v e r a l  such s t u d i e s  of t h e  nematic  ph se i n  two and t h r e e  
dimensions have a l r e a d y  been r e p o r t e d .  9 6  However t h e  
i n t e r p r e t a t i o n  of t h e  r e s u l t s  of t h e s e  experiments  i s  n o t  
always s t r a i g h t - f o r w a r d .  For example, Monte Car lo  ca l cu -  
l a t i o n s  on an ensemble of h a r d  s p h e r o c y l i n  ers f a i l e d  t o  
d i s c o v e r  an o r i e n t a t i o n a l l y  o rde red  phase.g I n  c o n t r a s t  
mo lecu la r  dynamics experiments  on e l l i p s o i d s  i n t e r a c t i n g  

The same s i m u l a t i o n  
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with a continuous short-range potential did demonstrate the 
existence of a nematic phase.7 
two results could be caused by the difference in the aniso- 
tropic pair potential or by problems of the simulation 
techniques when applied to systems capable of forming 
orientationally ordered phases. It is valuable therefore 
to apply the technique to models whose properties are known 
exactly and we present here the results of such an invest- 
igation using the Monte Carlo approach. 

The discrepancy in these 

The model studied is a regular linear array of N rod- 
like particles constrained to lie in a plane; cylic 
boundary conditions are imposed in that the first and Nth 
particles are neighbours. The anisotropic interaction is 
restricted to nearest neighbours and takes the form 

where T (cos 0 )  is the second Chebychev polynomial cos26 
and 0 is the angle between the molecular symmetry axes. In 
the thermodynamic limit, when N tends to infinity, the 
configurational contributions to the entropy, energy and 
specific heat are given by 8 

2 

S = Nkln{2aIo(~/kT) ~-~E~I~,(E/~T)/I,(E/~T), (2)  

and 

the symbol In(&/kT) denotes an 
function. In addition this system does not exhibit a trans- 
ition to a rotationally ordered phase but remains disordered 
at all temperatures.8 

nth order modified Bessel 

The Monte Carlo calculation was performed following the 
usual prescription and configurations were generated with a 
Boltzmann distribution in phase space.4 
readily available from such calculations4 although both the 
energy and specific heat were evaluated. 
an order parameter I 
T2( cosy), to characterise the long-range orientational 
order which might be exhibited by the system. 
the angle between the molecular symmetry axis and the 

The entropy is not 

We also calculated 
defined as the ensemble average of 2’  

Here y is 
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COMPUTER SIMULATION OF ANISOTROPIC SYSTEMS 69 

pre fe r r ed  molecular  o r i e n t a t i o n  which, by analogy wi th  
nematics ,  we c a l l  t he  d i r e c t o r .  The o rde r  p a r m e t e r  i s  
equal  t o  one i n  a completely ordered system and vanishes  
f o r  t he  d isordered  phase.  I n  the  c a l c u l a t i o n s  the  o r i e n t -  
a t i o n  of each p a r t i c l e  i s  def ined by the  angle ,  8 ,  between 
i t s  symmetry a x i s  and a l abora to ry  frame p a r a l l e l  t o  t he  
molecular  cen t r e s .  The o rde r  parameter i s  the re fo re  given 
by 

- 
T2 = cos28 cos28 + s in28  s in28  ( 5 )  

0 0’ 

where 8 i s  the  angle  between the  labora tory  a x i s  and the- 
d i r e c t o r .  The t ransformat ion  8 is t h a t  which maximises T 
and i s  found t o  be 

0 

2 0 

-- 
tan28 = sin28 / ~ 0 ~ 2 8 .  (6) 

0 

During the  course of t he  s imula t ion  exper iaent  t h e  
o r i e n t a t i o n  of t he  d i r e c t o r  may change; consequently we have 
ca l cu la t ed  B0 f o r  each conf igura t ion  wi th  the  a i d  of equat ion  
(6) .  This then enables  us t o  determine r f o r  each configur-  
a t i o n  and s o  ob ta in  the  f i n a l  o rder  parameter by averaging 
over  a l l  conf igu ra t ions .  

2 

The major i ty  of c a l c u l a t i o n s  were performed wi th  a sample 
of 256 p a r t i c l e s  a l though some l a r g e r  ensembles were a l s o  
used. The i n i t i a l  conf igura t ion  was chosen t o  be completely 
random and about 0 . 2 ~ 1 0 ~  conf igu ra t ions  were employed t o  
e q u i l i b r a t e  t h e  system a t  a p a r t i c u l a r  va lue  of the  reduced 
temperature ,  kT/&. The va r ious  averages were then  taken 
over  a product ion run of t y p i c a l l y  2x106 conf igura t ions .  An 
es t ima te  of t he  e r r o r  i n  the  averages was obta ined  by d iv id-  
i n g  t h i s  product ion run i n t o  t en  equal  b locks ,  an average 
was c a l c u l a t e d  f o r  each block and the  s tandard  dev ia t ion  of 
t hese  t en  averages determined. 

The c a l c u l a t e d  dependence of t he  reduced energy pe r  
p a r t i c l e ,  U/NE, on the  reduced temperature i s  shown i n  Fig.1;  
t he  e r r o r  i n  U/NE i s  found t o  be very small  and i s  l e s s  than  
the  s i z e  of t he  po in t s  on the  graph. The t r u e  temperature 
dependence of t he  energy was ca l cu la t ed  from equat ion  ( 3 )  
and i s  p l o t t e d  as the  s o l i d  l i n e  i n  the  f i g u r e .  The agree- 
ment between the  Monte Carlo experiments and the  exac t  
r e s u l t s  i s  seen t o  be p e r f e c t  even a t  t he  lowest temperatures .  
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FIGURE 1 The dependence of t he  reduced energy 
per  p a r t i c l e  on the  reduced temperature.  
The p o i n t s  come from the  Monte Carlo 
s imula t ions  while  t he  curve g ives  the  
exac t  r e s u l t s .  

The s p e c i f i c  h e a t  per  p a r t i c l e  C /Nk i s  p l o t t e d  as a 
func t ion  of kT/c i n  Fig.2. i s  seen t o  be 
l a r g e  e s p e c i a l l y  a t  low temperatures;  
e r r o r s  a r e  t o  be expected f o r  a q u a n t i t y  ca l cu la t ed  from 
f l u c t u a t i o n s  i n  the  energy.4 
good agreement wi th  the  exac t  va lues  of t he  s p e c i f i c  h e a t  
ob ta ined  from equat ion ( 4 )  which a r e  p l o t t e d  as the  s o l i d  
l i n e  i n  Fig.2. 

The eyror  i n  C 
hosever t hese  l a r g e  

None-the-less t h e r e  i s  s t i l l  

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
26

 2
3 

Fe
br

ua
ry

 2
01

3 



COMPUTER SIMULATION OF ANISOTROPIC SYSTEMS 7 1  

o 9 p  

kT/& 

FIGURE 2 The temperature dependence of t he  
s p e c i f i c  h e a t  per  p a r t i c l e .  The 
curve i n d i c a t e s  the  t r u e  dependence 
while  t he  po in t s  a r e  taken from t h e  
s imula t ion  experiments.  

The order  parameter,  T2, ca lcu la t ed  f o r  var ious  
reduced temperatures ,  i s  l i s t e d  i n  the  Table toge the r  wi th  
the  number of par t ic les ,N,and  the  length  of the  product ion 
run. For an ensemble of 256 p a r t i c l e s  the  o rde r  parameter 
i s  found t o  be about 0.07 a t  high temperatures;  t h i s  i s  
c lose  t o  the va lue  o f  N - 1 / 2  expected f o r  a d i sordered  system 
of f i n i t e  s i z e .  A s  t he  temperature  i s  lowered T i nc reases  
u n t i l  a t  ~ T / E  of 0.1 i t  is as l a r g e  as 0.26 w h i d  i n d i c a t e s  
an o r i e n t a t i o n a l l y  ordered phase.  The real  system i s  known 
t o  remain d isordered  a t  a l l  temperatures  and we a t t r i b u t e  
t h i s  discrepancy t o  the  small  number of p a r t i c l e s  employed 
i n  the  s imula t ion .  Severa l  of t he  c a l c u l a t i o n s  were there-  
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72 J. Y. DENHAM, R. L. HUMPHRIES. and G .  R. LUCKHURST 

f o r e  repea ted  wi th  l a r g e r  ensembles and a s  the  Table shows 
the  o rde r  parameter w a s  found t o  decrease .  

TABLE The dependence of t he  o r i e n t a t i o n a l  o rde r  
parameter on the  reduced temperature  and 
the  s i z e  of t he  ensemble; t he  l a s t  column 
g ives  the  length  of the  product ion run.  

1/106 - 
N T2 kT/E 

3.0 

2.0 

1.5 

1.0 

0.7 

0.6 

0 . 3  

0.25 

0.2 

0.1 

0.05 

0.062 

0 . 0 7 1  

0.074 

0.077 

0.093 

0.096 

0.063 

0 .158 

0.117 

0.217 

0.129 

0 .180t0 .07  

0 .116t0 .05  

0.078+0.02 

0.048+0.02 

0 .260 

0.127 

0 .290 

256 

256 

256 

256 

256 

256 

576 

256 

256 

256 

5 76 

256 

576 

1156 

2500 

256 

576 

5 7 6  

2.0 

2.0 

2.0 

2 .o 
2.0 

2 .o 
4.5 

1.0 

2 .0  

1.0 

4.5 

3.0 

3.0 

5.0  

7.0 

2 .o 
4.5 

4.5 

The most complete se t  of r e s u l t s  was obta ined  a t  a 
reduced temperature of 0.2 and h e r e  T decreased from an 

t o  a va lue  of 
0.048 f o r  2500 p a r t i c l e s ,  which is  e s s e n t i a l l y  zero f o r  an 
u n r e a l i s t i c  va lue  of 0.180 f o r  256 p a r t i c l e s  2 
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COMPUTER SIMULATION 01: ANISOTROPIC SYSTEMS 7 3  

ensemble of t h i s  s ize .  I n  con t r a s t  t h e  va lues  of t he  energy 
and s p e c i f i c  h e a t  were observed t o  be independent of t he  
sample s i z e .  

I n  conclusion we note  t h a t  t he  Monte Carlo technique 
g ives  both the  energy and s p e c i f i c  h e a t  of a l i n e a r  a r ray  
of a n i s o t r o p i c  p a r t i c l e s  i n  almost p e r f e c t  agreement wi th  
t h e i r  t r u e  va lues  f o r  ensembles of only 256 p a r t i c l e s .  I n  
c o n t r a s t  t he  o rde r  parameter i s  very s e n s i t i v e  t o  the  number 
of p a r t i c l e s  e s p e c i a l l y  a t  l o w  temperatures and he re  l a rge  
ensembles must be employed t o  reproduce the  d isordered  s ta te  
exh ib i t ed  by t h e  model. However, t h i s  i n v e s t i g a t i o n  provides  
us wi th  some confidence i n  the  use of computer s imula t ion  
techniques t o  s tudy r e a l  l i q u i d  c r y s t a l s ,  a l though of course 
each system may we l l  p re sen t  i t s  own problems. 
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