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COMPUTER SIMULATION STUDIES OF ANISOTROPIC SYSTEMS, I.
A LINEAR LATTICE

J.Y. DENHAM, R.L. HUMPHRIES and G.R. LUCKHURST
Department of Chemistry, The University, Southampton,
S09 5NH, England.

Abstract We have studied the static properties of a
linear array of rod-like particles using Monte Carlo
simulation techniques. The calculated temperature
dependence of the energy and specific heat are found
to be in very good agreement with the exact thermo-
dynamic properties. The model system is known to be
rotationally disordered at all temperatures but this
behaviour is only mimicked by the computer simulations
when the number of particles exceeds one thousand.

Molecular fjeld theories of nematic,1 cholesteric2 and
certain smectic” liquid crystals have proved to be particu-
larly successful in predicting both the existence of the
various phase transitions and the magnitude of the order
parameters. However such theories are, by their very nature
unable to provide any information concerning the distribu-
tion functions involving two or more molecules. As a
consequence the predictions, by molecular field theories,
of those properties which depend on the short-range order
are likely to be in error. Similar, although more severe,
problems are encountered in theoretical studies of the
molecular organisation in normal liquids. Here considerable
progress has been made towards their solution by the use of
computer simulation experiments. The same simulation
techniques should be equally valuable in theoretical invest-
igations of liquid crystals, where the anisotropic part of
the intermolecular potential is of vital importance. Indeed
several such studies of the nematic phgse in two and three
dimensions have already been reported. »0, However the
interpretation of the results of these experiments is not
always straight-forward. For example, Monte Carlo calcu-
lations on an ensemble of hard spherocylinders failed to
discover an orientationally ordered phase. In contrast
molecular dynamics experiments on ellipsoids interacting
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with a continuous short-range potential did demonstrate the
existence of a nematic phase./ The discrepancy in these
two results could be caused by the difference in the aniso-
tropic pair potential or by problems of the simulation
techniques when applied to systems capable of forming
orientationally ordered phases. It is valuable therefore
to apply the technique to models whose properties are known
exactly and we present here the results of such an invest-
igation using the Monte Carlo approach.

The model studied is a regular linear array of N rod-
like particles constrained to lie in a plane; cylic
boundary conditions are imposed in that the first and Nth
particles are neighbours. The anisotropic interaction is
restricted to nearest neighbours and takes the form

u(g)y = -e Tz(cose), 1)

where T, (cos 8) is the second Chebychev polynomial cos26
and 6 1S the angle between the molecular symmetry axes. In
the thermodynamic limit, when N tends to infinity, the
configurational contributions to the entropy, energy and
specific heat are given by 8

S

Nkln{ZTrIo(e/kT)}-Q\Ie/l')IL(e/kT)/Io(e/kT), )

4

-NeIl(e/kT)/Io(e/kT) (3

and

c =Nk (f._)2 [1+12(€/kT) —o{ Ty (e/kD) 2}- %)
v 2 kT I, (e/kT) 3Io(€/kT)

the symbol I (e/kT) denotes an nth order modified Bessel
function. In addition this system does not exhibit a trans-
ition to a rotationally ordered phase but remains disordered
at all temperatures.8

The Monte Carlo calculation was performed following the
usual prescription and configurations were generated with a
Boltzmann distribution in phase space.# The entropy is not
readily available from such calculations® although both the
energy and specific heat were evaluated. We also calculated
an order parameter T,, defined as the ensemble average of
T,( cosy), to characterise the long-range orientational
ofder which might be exhibited by the system. Here vy is
the angle between the molecular symmetry axis and the
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preferred molecular orientation which, by analogy with
nematics, we call the director. The order parameter is
equal to one in a completely ordered system and vanishes
for the disordered phase. In the calculations the orient-
ation of each particle is defined by the angle, 6, between
its symmetry axis and a laboratory frame parallel to the
molecular centres. The order parameter is therefore given
by

T, = cos28 cos20 + sin26 sin26 , (5)
2 o] o

where 6 is the angle between the laboratory axis and the_
directo?. The transformation 60 is that which maximises T2
and is found to be

tan26O = sin26 / cos26. (6)

During the course of the simulation experiment the
orientation of the director may change; consequently we have
calculated 6  for each configuration with the aid of equation
(6). This then enables us to determine T, for each configur-
ation and so obtain the final order paraméter by averaging

over all configurations.

The majority of calculations were performed with a sample
of 256 particles although some larger ensembles were also
used. The initial configuration was chosen to be completely
random and about 0.2x106 configurations were employed to
equilibrate the system at a particular value of the reduced
temperature, kT/e. The various averages were then taken
over a production run of typically 2x100 configurations. An
estimate of the error in the averages was obtained by divid-~
ing this production run into ten equal blocks, an average
was calculated for each block and the standard deviation of
these ten averages determined.

The calculated dependence of the reduced energy per
particle, U/Ne, on the reduced temperature is shown in Fig.1;
the error in U/Ne is found to be very small and is less than
the size of the points on the graph. The true temperature
dependence of the energy was calculated from equation (3)
and is plotted as the solid line in the figure. The agree-
ment between the Monte Carlo experiments and the exact
results is seen to be perfect even at the lowest temperatures.
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FIGURE 1 The dependence of the reduced energy
per particle on the reduced temperature.
The points come from the Monte Carlo
simulations while the curve gives the
exact results.

The specific heat per particle C /Nk is plotted as a
function of kT/e in Fig.2. The efror in C_ is seen to be
large especially at low temperatures; however these large
errors are to be expected for a quantity calculated from
fluctuations in the energy.4# None-the-less there is still
good agreement with the exact values of the specific heat
obtained from equation (4) which are plotted as the solid
line in Fig.2.
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FIGURE 2 The temperature dependence of the
specific heat per particle. The
curve indicates the true dependence
while the points are taken from the
simulation experiments.

The order parameter, T.,, calculated for various
reduced temperatures, is llsted in the Table together with
the number of particles, N, and the length of the production
run. For an ensemble of 256 particles the order parameter
is found to be about 0.07 at high temperatures; this is
close to the value of N~1/2 expected for a disordered system
of finite size. As the temperature is lowered T. increases
until at kT/e of 0.1 it is as large as 0.26 whicﬁ indicates
an orientationally ordered phase. The real system is known
to remain disordered at all temperatures and we attribute
this discrepancy to the small number of particles employed
in the simulation. Several of the calculations were there-
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fore repeated with larger ensembles and as the Table shows
the order parameter was found to decrease.

TABLE The dependence of the orientational order
parameter on the reduced temperature and
the size of the ensemble; the last column
gives the length of the production run.

KT/e T, N 1./10°
3.0 0.062 256 2.0
2.0 0.071 256 2.0
1.5 0.074 256 2.0
1.0 0.077 256 2.0
0.7 0.093 256 2.0
0.6 0.096 256 2.0
0.063 576 4.5
0.3 0.158 256 1.0
0.117 256 2.0
0.25 0.217 256 1.0
0.129 576 4.5
0.2 0.180+0.07 256 3.0
0.116£0.05 576 3.0
0.078:0.02 1156 5.0
0.04820.02 2500 7.0
0.1 0.260 256 2.0
0.127 576 4.5
0.05 0.290 576 4.5

The most complete set of results was obtained at a
reduced temperature of 0.2 and here T, decreased from an
unrealistic value of 0.180 for 256 pafticles to a value of
0.048 for 2500 particles, which is essentially zero for an
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ensemble of this size. In contrast the values of the energy
and specific heat were observed to be independent of the
sample size.

In conclusion we note that the Monte Carlo technique
gives both the energy and specific heat of a linear array
of anisotropic particles in almost perfect agreement with
their true values for ensembles of only 256 particles. In
contrast the order parameter is very sensitive to the number
of particles especially at low temperatures and here large
ensembles must be employed to reproduce the disordered state
exhibited by the model. However, this investigation provides
us with some confidence in the use of computer simulation
techniques to study real liquid crystals, although of course
each system may well present its own problems.
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